In this short paper we consider the following conjecture, proposed by Brian Alspach, concerning partial sums in finite cyclic groups: given a subset A of Zn \ {0} of size k such that z∈A z = 0, it is possible to find an ordering (a 1 , . . . , a k ) of the elements of A such that the partial sums s i = i j=1 a j are nonzero and s i = s j for all 1 ≤ i < j ≤ k. This conjecture is known to be true for subsets of size k ≤ 11 in cyclic groups of prime order. We extend such result to any torsion-free abelian group and, as a consequence, we provide an asymptotic result in Zn. Finally, we illustrate some connections with other related conjectures.
Introduction
In this paper we give some new results about a conjecture, due to Brian Alspach, concerning finite cyclic groups. First of all, we introduce some notations. Given an abelian group (G, +), a finite subset A = {x 1 , x 2 , . . . , x k } of G \ {0 G } and an ordering ω = (x j1 , x j2 , . . . , x j k ) of its elements, we denote by s i = s i (ω) the partial sum x j1 + x j2 + · · · + x ji . Clearly, the ordering ω of A induces the permutation σ ω = (j 1 , j 2 , . . . , j k ) ∈ Sym(k). Alspach's conjecture was originally proposed only for finite cyclic groups, see [5, 6] . However, it can be extended to any abelian group, [8, 16] . Conjecture 1.1 (Alspach) . Given an abelian group (G, +) and a subset A of G \ {0 G } of size k such that z∈A z = 0 G , it is possible to find an ordering ω of the elements of A such that s i (ω) = 0 G and s i (ω) = s j (ω) for all 1 ≤ i < j ≤ k.
The validity of such conjecture has been proved in each of the following cases:
(1) k ≤ 9 or k = |G| − 1, [2, 5, 6, 12] ;
(2) k = 10 or |G| − 3 with G cyclic of prime order, [14] ;
(3) k = 11 with G cyclic of prime order, [17] ; (4) |G| ≤ 21, [6, 8] ; (5) G is cyclic and either k = |G| − 2 or |G| ≤ 25, [5, 6] . Clearly, when k = |G| − 3, |G| − 2, |G| − 1, G is assumed to be finite. Alspach's conjecture is worth to be studied also in connection with sequenceability and strong sequenceability of groups, see [1, 2, 15] , and simplicity of Heffter arrays, see [3, 4, 9, 11] .
In Section 2 we explain how the validity of Conjecture 1.1 for sets of size k in the cyclic groups Z p , for infinitely many primes p, implies the validity for sets of size k in any torsion-free abelian group. As a consequence, in Section 3, we provide an asymptotic result for sets of size k ≤ 11 in finite cyclic groups: this has been achieved without any direct or recursive construction (that we believe can hardly be obtained) but only with some theoretical non-constructive arguments. Finally, in Section 4 we consider two conjectures, closely related to the Alspach's one and for which, if k is small, we can still give an asymptotic result for cyclic groups and prove the validity for any torsion-free abelian group.
Acknowledgements
The first author was partially supported by the National Group for Algebraic and Geometric Structures, and their Applications (GNSAGA-INdAM).
Alspach's conjecture for torsion-free abelian groups
In this paper, we will say that a subset A of an abelian group (G, +) is nice if 0 G ∈ A and z∈A z = 0 G . Also, with an abuse of notation, we will say that Alspach's conjecture is true in G for any subset of size k if it is true for any nice subset of size k.
Given a nice subset A of an abelian group G, by ∆(A) we mean the set {x 1 − x 2 :
This allows us to define the set
Given two integers a, b with a ≤ b, the subset {a, a + 1, . . . , b} ⊂ Z will be denoted by [a, b] . Our aim to extend the known results on Alspach's conjecture in cyclic groups of prime order to any torsion-free abelian group. Lemma 2.1. Let G 1 and G 2 be abelian groups such that Alspach's conjecture holds in G 2 for any subset of size k. Given a nice subset A of G 1 of size k, suppose there exists an homomorphism ϕ :
Proof. Since no element of Υ(A) belongs to the kernel of ϕ, ϕ(A) is a nice subset of G 2 of size k. Therefore, there exists an ordering ω 2 = (x 1 , x 2 , . . . , x k ) of the elements of ϕ(A) such that s i (ω 2 ) = 0 G2 and s i (ω 2 ) = s j (ω 2 ) for all 1 ≤ i < j ≤ k. However, considering the ordering ω 1 = (z 1 , z 2 , . . . , z k ) of the elements of A, where ϕ(z i ) = x i for all i = 1, . . . , k, we obtain that the partial sums s i (ω 1 ) in G 1 are still pairwise distinct and nonzero. Proposition 2.2. Let k be a positive integer and suppose that, for infinitely many primes p, Alspach's conjecture holds in Z p for any subset of size k. Then Alspach's conjecture holds in Z for any subset of size k.
Proof. Consider a nice subset
|z| be a prime such that Alspach's conjecture holds in Z p for subsets of size k. Then, Υ(A) and the kernel of the canonical projection π p : Z → Z p are disjoint sets. Hence, the statement follows from Lemma 2.1.
We now consider the free abelian group Z n of rank n. Proposition 2.3. Suppose that Alspach's conjecture holds in Z for any subset of size k. Then it holds in Z n for any n ≥ 2 and any subset of size k.
Proof. Fix a nice subset A = {a 1 , a 2 , . . . , a k } of Z n of size k, and set B = Υ(A). Given an integer M > max (z1,...,zn)∈B max j∈ [1,n] n|z j |,
we define the homomorphism ϕ : Z n → Z, as follows:
Because of the choice of M , the subset B and the kernel of ϕ are disjoint. Namely, suppose that there exists b = (y 1 , y 2 , . . . , y n ) ∈ B such that ϕ(b) = 0. We can assume that y s1 , . . . , y sc are all nonnegative integers and that y t1 , . . . , y t d are all negative integers. Then, we can write
We can look at the two sides of this equality as two expansions in base M of the same nonnegative integer, since the coefficients y s1 , . . . , y sc , y t1 , . . . , y t d all belong to the set [0, M − 1]. The uniqueness of such expansion implies that all these coefficients are zero, i.e., that b = 0. It follows from Lemma 2.1 that Alspach's conjecture holds for the subset A.
From the previous proposition we deduce that:
Theorem 2.4. Let k be a positive integer and suppose that, for infinitely many primes p, Alspach's conjecture holds in Z p for any subset of size k. Then Alspach's conjecture holds for any subset of size k in any torsion-free abelian group G.
Proof. Let A be a nice subset of G of size k. Denote by H the subgroup of G generated by A. We can apply to H the structure theorem for finitely generated abelian groups, obtaining that H is isomorphic to a subgroup of Z k . So, we can view A as a nice subset of Z k . Since, by hypothesis, we are assuming the validity of Alspach's conjecture in Z p for infinitely many primes p and for any subset of size k, by Propositions 2.2 and 2.3, Alspach's conjecture holds in Z k for any subset of size k. In particular it holds for A. Now, from Theorem 2.4 and the results cited in the Introduction we obtain:
Corollary 2.5. Alspach's conjecture holds for any subset of size k ≤ 11 of any torsion-free abelian group.
An asymptotic result
Given an element g of an abelian group G, we denote by o(g) the cardinality of the cyclic subgroup g generated by g. Furthermore, we set ϑ(G) = min 0G =g∈G o(g). Now we are ready to prove that, if ϑ(G) is large enough, Alspach's conjecture is true for k ≤ 11. This result can be deduced from the compactness theorem of the first order logic but, here, we give a more direct proof. Now we want to prove that H is torsion-free. Let us suppose for sake of contradiction that there exists an element [0] = [x] ∈ H of finite order, say n. Let π j : G → G Mj be the canonical projection on G Mj . For any i such that M i > n, either π i (x) = 0 GM i or we have n · π i (x) = 0 GM i . However, since n · [x] = [0] in H and due to the definition of ≈, we should have n · π i (x) = 0 GM i , for i large enough. It follows that π i (x) is eventually zero but this is a contradiction since [x] is nonzero. Therefore H is torsion-free. Now we consider the following subset A of H:
Clearly the elements of A are pairwise distinct and nonzero. Given an ordering ω = ([z j1 ], [z j2 ], . . . , [z j k ]) of A we define the ordering ω ℓ = (a M ℓ ,j1 , a M ℓ ,j2 , . . . , a M ℓ ,j k ) of A M ℓ that corresponds to the same permutation σ ω . As f M1 = f M ℓ for all ℓ ≥ 1, there exists a pair (i, j) such that s i (ω ℓ ) = s j (ω ℓ ) for all ℓ. Since (s i (ω 1 ), s i (ω 2 ), . . . , s i (ω ℓ ), . . . ) belongs to the equivalence class s i (ω), it easily follows that s i (ω) = s j (ω) also for the set A. It means that A is a counterexample to Alspach's conjecture. Since this is in contradiction with Theorem 2.4, we have proved the statement. 
Implications on other conjectures
We recall here two conjectures related to the Alspach's one. These conjectures have been recently studied mainly in relation to (relative) Heffter arrays and their application for constructing cyclic cycle decompositions of (multipartite) complete graphs, see [3, 4, 7, 9, 10, 11] .
The first conjecture was originally proposed by R.L. Graham in [13] for cyclic groups of prime order, and by D.S. Archdeacon, J.H. Dinitz, A. Mattern and D.R. Stinson for finite cyclic groups, see [5] .
Then there exists an ordering of the elements of A such that the partial sums are all distinct.
In [5] the authors proved that Conjecture 1.1 in a group Z n for sets of size at most k implies Conjecture 4.1 in the same group Z n for sets of size at most k. As remarked in [8] , Conjecture 1.1 can be extended to any finite subset of an abelian group. The following results follow from Corollary 2.5 and Corollary 3.2. In [8] , the following conjecture was proposed by the authors of the present paper, in collaboration with F. Morini and A. Pasotti. Conjecture 4.4 (CMPP). Let G be an abelian group. Let A be a finite subset of G \ {0 G } such that no 2-subset {x, −x} is contained in A and with the property that a∈A a = 0 G . Then there exists an ordering of the elements of A such that the partial sums are all distinct.
Suppose that Conjecture 1.1 holds for subsets of size k of a given abelian group G. Let A be a (k + 1)-subset of G \ {0 G } such that a∈A a = 0 G . Clearly, for any a ∈ A, the set A \ {a} is a nice subset of G of size k: we can find on ordering ω = (a 1 , a 2 , . . . , a k ) such that all the partial sums s i (ω) are nonzero and pairwise distinct (1 ≤ i ≤ k). Now, taking ω ′ = (a 1 , a 2 , . . . , a k , a), we obtain an ordering of the elements of A such that s i (ω ′ ) = s j (ω ′ ) for all 1 ≤ i < j ≤ k + 1. Therefore, Conjecture 1.1 for sets of size at most k in an abelian group implies Conjecture 4.4 for sets of size at most k + 1 in the same group. It follows that: 
